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1. A The indefinite integral is commonly known as arctan(x) + C. Since

arctan(x) + arccot(x) = g, we let arctan(x) = % — arccot(x) to get that we can
also write the answer in a different way: arctan(x) + C = —arccot(x) + g +C =
—arccot(x) + C(A) since the C just represents some constant, which remains a
constant even if g is added to it. OR we write the integral as —
—arccot(x) + C.

2. D We use integration by parts, putting the arctan(x) on the “derivative side” and the
1 oo 1 T

1 e . . ,, (% arctan(x) __ —arctan(x) |©© 1 _ T
—on the “integration side.” [ ——=—dx = ——— |, +3 [, 5= o=t
1,01 1 1 oo T 1 T T 1
s mEad =[P s [ =543 -(G-5) =3 @
3. A Letx= sin(u) - dx = cos(u) du.
\/E Vs T

23

0 V1-x2
s .
i (Z sin(2u)

f4 sin (u) COS(U) du = fOZ sin? (w)du = OZ%du - fOZ%COS(ZU) du =

ﬂ:E—ZSOK=&H=&wMK+H=1HM
4. A Let9—x%= u0—> —2xdx = du.

Then [ xv9 — x2dx = [} —vudu = [ 2 vadu = Luz
5. D Let4—x?=u-> —2xdx = du.

Then ['x3Va — x2dx = [, — 2 x*\udu = [, - (4 — wudu = [} 2v/udu —
3 4 32

41 32 _ 4 314 _ 32 32 64
fOEuZdu—guzo s¥ o~ 3 5_15(A)
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0 =9
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6. C Using shell method, the volume should be
2m fol(x)(2x3 + 2x)dx = 2m fol 2x* + 2x%dx = 312—5”(C) after computation.
7. B Rotating around the y-axis, we use shell method to get a volume of

5
21 foa x\xdx = 4?" az and rotating around the x-axis, we use disk method to get a

a a2
volume of 7 [ xdx = ~a®. These volumes are equal, so we have ~—~az = ~a* -

Va = Z > a= g. Note that a = 0 doesn’t work because we have the a >
0 condition. Then m = 25,n = 64,and m + n = 89(B)

8. A We will use the property that tan?(x) = sec?(x) — 1.
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f(? tan*(x)dx = fog tan?(x)(sec?(x) — 1) dx = fog tan?(x) sec?(x)dx —

J§ tan?(x)dx = gtan3 (x)

%— fog (sec?(x) — 1)dx =3 — fg sec?(x)dx +

fog 1dx = /3 — tan(x)

ENCRRERE 10

34 x
0

9. B Letu=ix — du = idx. Then

In(3) iin(3) _ iln(3) _
A=ifim tan(ix) dx = fzn(z) tan(u) du = In(sec(u)) |iln(2) =
ln(sec(iln(3))) - ln(sec(iln(Z))). Using cos(x) = elx+2 N sec(x) = eixfﬁ,

sec(iln(B)) = %and sec(iln(Z)) = gto getln4A =1n (g) —In (g) =In G)
—>A=z,30m= 3,n=4,andm+n=7(B)

10. A Letx = 2tan(u) — dx = 2sec?(u)du. So

0 V4+x2 sec (u) cos(u)
fz3 — = —fn tan4(u) fn sint () W Letting w = sin(u) » dw =
1
cos(u) cos(u) _ 1,11 _ 1.1 _7
cos(u) du, fn i ‘fz s 4 =3 [ dw = ——(= %) = —after

computation. So m=7andn =12and m+n = 19(4)

11. B We can split up the integral into two smaller integrals.
This leadstoIn 4 = fln(s)e —dx = f;n(s) 1dx + f;n(s)—#dx =In(5) +

X+1

2y~ £ dx = 1n() + 2(In(1 + e )| ") = In5) +2 (1n (%) -

In(2)) = In(5) +1In (3 ) In(4)=In(2).SolmA=Mm(3)>4=250m=
n=>5andm+n = 14(B)
12. C We can multiply top and bottom by sec?(x) and let u = tan(x) - du =

5 n 1 _ T sec?(x) _r» 1 —
sec”(x)dx. 02 9sin2(x)+4 cos2(x) dx = 02 9tan?(x)+4 B fo u?+4 B
1 poo 1 T T .
;fo mdu = —arctan( ) | 0=3 (5) ol (C). A useful tool is that
1

1 x
J 77 dx = -arctan (Z) +C.

13. C We can write sin(x) + cos(x) into one trigonometric function by writing sin(x) +

cos(x) =2 (cos ( ) cos(x) + sm( )sin(x)) = /2 cos (x - —) Then

fgmdx =7f055ec(x—z) dx = \/Z—Eln (sec (x—%) + tan (x—%))

o NS
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fl (ﬁf) “In ((\/E + 1)2) = v2In(1 + v2) (C). We used the fact that

fsec(x) dx = ln(sec(x) + tan(x)) + C.
14. C We Ietx =f(uw) »dx = f'(u) =dud + 2u + 4) = (6u? + 2)du. So
24 _r2 2 _ 2412 _ .
Jy ' S dx = [} 5 (6u* + 2)du = |, (6+2)du=(6u-2) |1 = 7(C). Since
g(x) is the inverse of f(x), g(f(w)) = u. Also, the bounds areu = 1 and u =
2 because f(1) = 8and f(2) = 24.

15. D Using the tool in the beginning of the test, we can factor the expression x% +90x +
2024 = (x +44)(x + 46). Then let u = x + 45 - dx = du sof (x + 44)(x +
46)dx = f_6(u —D(u+1du = f_6(u —1du =§u -—u |—66 = 132(D) after

computation.
16. C Turning the sum into an integral,

dx. Letting

. n 1 1
lim o o = Jim Bilos —(1)2+3 =l

x = +v/3tan(u) = dx = V3 sec?(u)du, folﬁdx = V3sec?(u)du =

0 \/_se (D)
J¢ sec(w) du = In(sec(w) + tan(u))

% =In(v3) = Eln(S) (C). We used the fact
that [ sec(x) dx = In(sec(x) + tan(x)) + C.

17. C For the sake of practice, let’s solve for
k . . k
Jo lxl + {x}dx in terms of k and then plug in k = 12. [ x| +/{x} dx =

k- 3 art lx| + /{x} dx after splitting the integral into multiple smaller integrals.
Treatlng a as a positive integer constant, we let x = a + y - dx = dy, so
— +1 _ 1 _ 1
M ; lx] + V{x}dx = $E25 [ la + y] +J{a + yYdy = 355 [ a + /v dy.
la + y] = a because y only ranges from 0 to 1 and {a + y} = y because a is an
integer and y ranges from 0 to 1 (Our variable of integration is y, and the bounds are

from 0 to 1, so y only ranges from 0 to 1). Y2 fl(a + \/—) dy = k‘l(ay +

2 1 - 2 _ 12 (k- l)k

Ey\/§|0)= d(a+2) = Shla+ phchl = +ik=S+E Atk =

2

12, our answer is % + 1?2 = 74(C).
18. B Welet x = e* and then do integration by parts:

x =e" > dx =e"du,so fle h;(f) dx = fol ue " (e*du) = fol ue ¥%du =

1 _ 1 —u |1 1 1 2 e-2
fo—etdu=—2-(|p=—3-(3-1)=1-2=F®
19. D Lettingx = 25 dx = —izdu,
u u
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20.

21.

22.

23.

1; _ 1 _ 1 (™ u 2

fo (+x2)Vi-x2 dx = foo 2(1+L> ) < du = f1 Ve du. Now we let u* =
u2
1 poo
w - 2udu = dw to get [, = 2+1) Tz du Zfl DT _dw We letvw — 1 =
1 0o 2z
zow=2z2+1->dw = 2zdztoget= fl (w+1)\/_d = Efo (22+1)de =
_ _V2 V2 .

fo m f 2+(\/_) arctan( )|0 — D) . A useful tool is that

f 2+a2dx——arctan( )+C. | o o
To solve this integral we can use the famous Weierstrass substitution. Using trig

properties and manipulations we get that as a result of tan (g) = u, the following

u 2Uu
properties are true: cos(x) = ™ -, sin(x) = o

2u uZ+2u+1

= 1+sin(x) TS Sy 2 1 22 2 _
J-02 1+cos(x) dx = J'0 1+1tu2 (1+u2 du) - J'0 1} > (1+u2 du) -
1+u? u
1u?+2u+1 1u?+2u+1 _
J-0 u2+1 du =
1 12
N 2+1) w=[ldu+ [} 2 du=(u+ ln(u + 1)) |O =1+ ln(2) ©)

We can use the factoring rule that x3 + y3 = (x + y)(x? — xy + y?2) to simplify
this integral. fg sin3(x) + cos3(x)dx = fog(sin(x) + cos(x))(sin?(x) —

sin(x) cos(x) + cos?(x))dx = f(?(sin(x) + cos(x))(1 — sin(x) cos(x))dx =
fg sin(x) dx — ﬁ sin?(x) cos(x) dx + ﬁ cos(x) dx — ﬂ sin(x) cos?(x)dx =

7T
2 —= sm3 (x)
0

TL'

2 + sin(x)
0

T[
2 4= cos3 (x)
0

A

— cos(x) (2)—1——+1——=—(A)

Once we write f(a) in terms of a, we can obtain two telescoping series:

fla) = fol x%(1 —x)%dx = fl adx — f 2x%dx +f x%2dx = ﬁ — ﬁ +
ﬁ:(ﬁ_ﬁ)_(ﬁ_m) = Ya=1f(@) = Yoz 1(a+1 a-lrz)_

(7 ) = T (T ) ~ B (T3~ i) =5 = sinoe ot seres
are telescoping series where Y-, (ﬁ - ﬁ) = Zand Yot ﬁ - ﬁ) = % Then

S==m=1n=6andm+n=7(B)

Let’s solve for f'(x) first then use an equation with g'(x) in it.

f=[; ﬁdt - f'(x) = \/% Since g(x) is the inverse of f(x), f(g(x)) =
x - f' (g(x))g (x) = 1. Letting x = 86,f’(g(86))g’(86) =1 f(x) =

2T+ 1 |§ = 2v/x + 1 — 4. g(86) is the value of x that satisfies f(x) = 86 —
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2Vx +1-4=86->x= 2024 s0 g(86) = 2024 f'(g(86))g'(86) =1 -

f'(2024)g'(86) =1 > mg '"(86)=1—- — g '(86) = 1 - g'(86) = 45(C)
24. B The 2" degree Maclaurin approximation for f(x) is, in general, f(0) + f'(0)x +

I 2(0) 2. So let’s solve for f(x), f'(x), and f” (x) while treating k as a constant and

then plug in x = 0. f(x) = cos®(x) - f'(x) = —kcos* 1(x) sin(x) -

" (x) =k(k — 1) sin?(x) cos*"2(x) — kcos*(x). f(0) = 1,f'(0) = 0,f"(0) =

—k, so the 2" degree Maclaurin approximation for f(x) is 1 — gxz. We have

[y xkdx = [} 1-x%dx > ——=1-2-6="6k+6—k(k+1) > k? — 5k =

0 — k = 0 or 5. But k is a positive integer, so k = 5(B)

25. B The midpoint approximation of the integral with n = 2 has rectangles centered at
1

x=£andx=3—”'M(k)=z(sin2k(§)+sin2( ))__(z_k 2k)=7r(zik).80
L= o”( )— 7 Xk=07% = 27(B)

26. A The integrand can be recognized as the derivative of arcsecant. f dx =
arcsec x |3 = arcsec 7 — arcsec 2. When secd = 7, tan 6 = 4\/—, and When
sec ¢ = 2, tan ¢ = /3. By the tangent addition formula, tan(8 — ¢) = ;f/%@ =

25 Sor=3s=31t=13,andr +s+ ¢ = 19(4).

27. D Because f(x) is odd, [ f(x)dx =050 f:f(x)dx = 4, f611f(x)dx = 3, and
[ fe)dx =5. [ f()dx = [ f(x)dx + [, f(x)dx =4+3=7.
[ fedx = [ fedx = [ f)dx=5-7= 2. [ f(x)dx =
— [2 f(0)dx = 2(D).

28. D We use partial fractions.

2x+1 _ 2x+1 A B | C _ Ax(x+1D)+B(x+1)+Cx? . .
s woan = teto s pr . Comparing coefficients, we
getthatA-lB-lC——l So f/ Fdx =[G+ ——)dx =

[Pt e P2 )+ 3 () @) 420

29. C This region ranges from x = 0 to x = 1. The formula for the x-coordinate of the
14
centroid |sf X/ )dx f (2t -2x +ax)dx =1 = 28 Som = 28 and n = 75 makes
f(x)dx fo( 2x3-2x+4)dx > 75

m+n= 103(C)

30. E No answer choice has a constant of integration, so the answer is E. For practice,
[ xcos(x)dx = xsin(x) — [ sin(x) dx = xsin(x) + cos(x) + C(E)
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