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1. B lim
𝑥→𝜋

𝑒 = 𝑒. 

2. C 
𝑓(𝑥) = 𝑒−

(𝑥−1)2

8 → 𝑓′(𝑥) = −
1

4
(𝑥 − 1)𝑒−

(𝑥−1)2

8 → 𝑓′′(𝑥) = −
1

4
𝑒−

(𝑥−1)2

8 +

1

16
(𝑥 − 1)2𝑒−

(𝑥−1)2

8 = 0 → (𝑥 − 1)2 = 4 → 𝑥 − 1 = ±2 → 𝑥 = −1,3.  So 10 

3. C 𝑑

𝑑𝑥
[sin (𝑥3 + 2𝑥 +

𝜋

3
)] = cos (𝑥3 + 2𝑥 +

𝜋

3
) (3𝑥2 + 2) → the answer is 2 cos (

𝜋

3
) =

1.   

4. B This is an ellipse with foci at (0,3) and (4,0).  So twice the distance from the center to 

a focus is 2𝑐 = √32 + 42 = 5 → 𝑐 =
5

2
.  Further, for this ellipse, the sum of the 

distances from the foci to the curve is 10 → (𝑎 − 𝑐) + (𝑎 + 𝑐) = 2𝑎 = 10 → 𝑎 = 5 

is the length of the major axis.  Since 𝑐 = √𝑎2 − 𝑏2 →
25

4
= 25 − 𝑏2 → 𝑏 =

5√3

2
 we 

have the minor axis as well, so the area is 𝜋𝑎𝑏 = 𝜋(5) (
5√3

2
) =

25𝜋√3

2
. 

5. A 𝑦3 + 𝑥2𝑦 − 𝑥3 + 3 = 0 → 3𝑦2𝑦′ + 2𝑥𝑦 + 𝑥2𝑦′ − 3𝑥2 = 0 → 𝑦′ =
3𝑥2−2𝑥𝑦

3𝑦2+𝑥2 =
12−4

3+4
=

8

7
. 

6. B 𝑦 = 𝑥(2𝑥)𝑦
→ ln(𝑦) = (2𝑥)𝑦 ln(𝑥) → ln(𝑙𝑛(𝑦)) = ln(𝑙𝑛(𝑥)) + 𝑦 ln(2𝑥) →

1

𝑦 ln(𝑦)
𝑦′ =

1

𝑥 ln(𝑥)
+ ln(2𝑥) 𝑦′ +

𝑦

𝑥
→ 𝑦′ =

1

𝑥 ln(𝑥)
+

𝑦

𝑥
1

𝑦 ln(𝑦)
−ln(2𝑥)

=
𝑦 ln(𝑦)

𝑥 ln(𝑥)
∙

1+𝑦 ln(𝑥)

1−𝑦 ln(𝑦) ln(2𝑥)
.   

7. D In general, 𝐴 cos(𝜃) + 𝐵 sin(𝜃) has an amplitude √𝐴2 + 𝐵2.  So the amplitude is 13, 

which makes the difference from maximum to minimum 26.   

8. B Let 𝑢 = ln(ln(ln(𝑥))) → 𝑑𝑢 =
1

ln(ln(𝑥))

1

ln(𝑥)

1

𝑥
. So  

∫
𝑑𝑥

𝑥 ln(𝑥) ln(ln(𝑥)) ln(ln(ln(𝑥)))2024

∞

𝑒𝑒𝑒 = ∫
1

𝑢2024 𝑑𝑢
∞

1
= [−

1

2023

1

𝑢2023]
1

∞

=
1

2023
.   

9. C ∫ 𝑓(𝑥)𝑑𝑥
−24

0
= − ∫ 𝑓(𝑥)𝑑𝑥

0

−24
= ∫ 𝑓(𝑥)𝑑𝑥

24

0
= 10 since the function is odd. So 

∫ 𝑓(𝑥)𝑑𝑥
24

−20
= 6 = ∫ 𝑓(𝑥)𝑑𝑥

20

−20
+ ∫ 𝑓(𝑥)𝑑𝑥

24

20
= 0 + ∫ 𝑓(𝑥)𝑑𝑥

24

20
= ∫ 𝑓(𝑥)𝑑𝑥

24

20
 

again since the function is odd.  Therefore ∫ 𝑓(𝑥)𝑑𝑥
20

0
= ∫ 𝑓(𝑥)𝑑𝑥

24

0
−

∫ 𝑓(𝑥)𝑑𝑥
24

20
= 10 − 6 = 4.   

10. A 𝑦 = 𝑎𝑥(𝑎 − 𝑥) = 𝑎2𝑥 − 𝑎𝑥2 → 𝑦′ = 𝑎2 − 2𝑎𝑥 → 𝑚 = 𝑎2 − 4𝑎.  So the equation 

of the line is 𝑦 − 2𝑎2 + 4𝑎 = (𝑎2 − 4𝑎)(𝑥 − 2) → The y-intercept is 𝑦0 = −2𝑎2 +

8𝑎 + 2𝑎2 − 4𝑎 = 4𝑎 →
𝑑𝑦0

𝑑𝑡
= 4

𝑑𝑎

𝑑𝑡
= 12.   

11. A Let 𝑢 = √1 − √𝑥
33

→ 1 − 𝑢3 = √𝑥
3

→ 1 − 3𝑢3 + 3𝑢6 − 𝑢9 = 𝑥 → 𝑑𝑥 =

(−9𝑢2 + 18𝑢5 − 9𝑢8)𝑑𝑢 → ∫ √1 − √𝑥
33

𝑑𝑥
1

0
= ∫ (−9𝑢3 + 18𝑢6 − 9𝑢9)𝑑𝑢

0

1
=

[
9

4
𝑢4 −

18

7
𝑢7 +

9

10
𝑢10]

0

1

=
9∗35−18∗20+9∗14

140
=

81

140
.   

12. D cot(2𝜃) =
𝐴−𝐶

𝐵
=

9−4

12
=

5

12
→ cos(2𝜃) =

5

13
= 1 − 2 sin2(𝜃) → sin2(𝜃) =

4

13
→

sin(𝜃) = √
4

13
.   
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13. B 
For a tangent line to go through the origin, 2𝑎𝑥0 =

𝑎𝑥0
2+𝑏

𝑥0
→ 𝑥0 = √

𝑏

𝑎
.  The slope is 

therefore 2𝑎√
𝑏

𝑎
= 2√𝑎𝑏.  The area is thus ∫ 𝑎𝑥2 + 𝑏 − 2√𝑎𝑏𝑥 𝑑𝑥

√
𝑏

𝑎

0
=

[
𝑎

3
𝑥3 + 𝑏𝑥 − √𝑎𝑏𝑥2]

0

√
𝑏

𝑎
=

𝑎

3

𝑏√𝑏

𝑎√𝑎
+ 𝑏√

𝑏

𝑎
− √𝑎𝑏

𝑏

𝑎
=

𝑏√𝑎𝑏

3𝑎
.   

14. A 
𝑚 =

𝑑

𝑑𝑥
[2 cosh (

𝑥

2
)]

𝑥=ln (4)
= sinh (

ln(4)

2
) =

𝑒ln(2)−𝑒
ln(−

1
2

)

2
=

2−
1

2

2
=

3

4
.  The line going 

though (0,2) with slope −
4

3
 is 𝑦 = −

4

3
𝑥 + 2.  Its intercepts are (0,2) and (

3

2
, 0).  

The distance between these points is √
9

4
+ 4 =

5

2
.   

15. C 𝑃(5) = 𝑃(1,4) + 𝑃(2,3) + 𝑃(3,2) + 𝑃(4,1) =
4

36
=

1

9
.  𝑃(10) = 𝑃(4,6) +

𝑃(5,5) + 𝑃(6,4) =
3

36
=

1

12
.  So in order for Romir to win, he must roll a 5 on the 

first, or not a 5, then Sydney not a 10, then he rolls a 5, etc.  So the desired 

probability is 𝑃 = (
1

9
) + (

8

9
) (

11

12
) (

1

9
) + (

8

9
)

2

 (
11

12
)

2

(
1

9
) + ⋯ =

1

9
∑ (

8

9

11

12
)

𝑘
∞
𝑘=0 =

1

9
∑ (

22

27
)

𝑘
∞
𝑘=0 =

1

9

1

1−
22

27

=
1

9

27

5
=

3

5
.   

16. E 
lim
ℎ→0

∫
𝑓(𝑡)

ℎ
𝑑𝑡

𝑥+20ℎ

𝑥−24ℎ
= lim

ℎ→0

∫ 𝑓(𝑡)𝑑𝑡
𝑥+20ℎ

0 +∫ 𝑓(𝑡)𝑑𝑡
0

𝑥−24ℎ

ℎ
= lim

ℎ→0

∫ 𝑓(𝑡)𝑑𝑡
𝑥+20ℎ

0 −∫ 𝑓(𝑡)𝑑𝑡
𝑥−24ℎ

0

ℎ
=

44 lim
ℎ→0

∫ 𝑓(𝑡)𝑑𝑡
𝑥+20ℎ

0 −∫ 𝑓(𝑡)𝑑𝑡
𝑥−24ℎ

0

44ℎ
= 44

𝑑

𝑑𝑥
[∫ 𝑓(𝑡)𝑑𝑡

𝑥

0
] = 44𝑓(𝑥). 

17. B Let 𝑉 be the event that a person is vaccinated, and let 𝐻 be the event that a person is 

hospitalized.  Then 𝑃(𝑉) = 0.9 and 𝑃(𝑉|𝐻) = 0.6.  Let 𝑥 = 𝑃(𝐻|𝑉), so that 

𝑃(𝐻|~𝑉) = 𝐾𝑥.  Then by Bayes’ Law, 𝑃(𝑉|𝐻) =
𝑃(𝑉)𝑃(𝐻|𝑉)

𝑃(𝑉)𝑃(𝐻|𝑉)+𝑃(~𝑉)𝑃(𝐻|~𝑉)
→

0.6 =
0.9𝑥

0.9𝑥+0.1𝐾𝑥
=

9

9+𝐾
→ 5.4 + 0.6𝐾 = 9 → 𝐾 =

3.6

0.6
= 6.   

18. D Let 𝑟 be the radius of the marble.  The amount of water needed will be the volume of 

the cylinder filled to a height of 2𝑟 minus the volume of the sphere, so 𝑉 =

𝜋242(2𝑟) −
4

3
𝜋𝑟3 → 𝑉′ = 2𝜋(24)2 − 4𝜋𝑟2 = 0 → 𝑟2 =

1

2
(24)2 → 𝑟 = 12√2.   

19. B Let 𝑘 ≥ 2 be the number of consecutive odd integers.  Then an integer 𝑁 that can be 

expressed this way if 𝑁 = (2𝑛 + 1) + (2𝑛 + 3) + ⋯ + (2𝑛 + 2𝑘 − 1) = 2𝑛𝑘 +

∑ (2𝑖 − 1)𝑘
𝑖=1 = 2𝑛𝑘 + 2

𝑘(𝑘+1)

2
− 𝑘 = 2𝑛𝑘 + 𝑘2 = 𝑘(2𝑛 + 𝑘).  Therefore, when 𝑁 

is even, either 𝑘 is even → 2𝑛 + 𝑘 is even OR 2𝑛 + 𝑘 is even → 𝑘 is even.  Thus, 𝑁 

must be a multiple of four if it is even, and 2022 does NOT have this property.  Note 

that if 𝑁 is odd it must be composite, but none of these numbers are prime so 

everything else works. 

20. B 𝑃(|𝑋| < √3) = 𝑃(−√3 < 𝑋 < √3) = 𝑃(−√3 < 3 tan(𝜃) < √3) =

𝑃 (arctan (−
√3

3
) < 𝜃 < arctan (

√3

3
)) = 𝑃 (−

𝜋

6
< 𝜃 <

𝜋

6
) =

𝜋

6
−(−

𝜋

6
)

𝜋

2
−(−

𝜋

2
)

=
1

3
. 
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21. D Let 𝑋 be the amount of time it takes Tiger to escape.  Then 𝐸[𝑋] =
𝐸[𝑋|𝐷𝑜𝑜𝑟 1]𝑃(𝐷𝑜𝑜𝑟 1) + 𝐸[𝑋|𝐷𝑜𝑜𝑟 2]𝑃(𝐷𝑜𝑜𝑟 2) + 𝐸[𝑋|𝐷𝑜𝑜𝑟 3]𝑃(𝐷𝑜𝑜𝑟 3) =
1

3
(20) +

1

3
(24 + 𝐸[𝑋]) +

1

3
(48 + 𝐸[𝑋]) → 𝐸[𝑋] =

20+24+48

3
+

2

3
𝐸[𝑋] → 𝐸[𝑋] =

92.   

22. B 𝑉 = 2𝜋 ∫ 𝑥𝑒−𝑥2
𝑑𝑥

∞

0
= 2𝜋 ∫

1

2
𝑒−𝑢𝑑𝑢

∞

0
= 𝜋[−𝑒−𝑢]𝑢=0

𝑢→∞ = 𝜋.   

23. C 
𝑉 = 𝜋 ∫ (𝑒−𝑥2

)
2

𝑑𝑥
∞

0
= 𝜋 ∫ 𝑒−2𝑥2

𝑑𝑥
∞

0
= 𝜋 ∫

1

√2
𝑒−𝑢2

𝑑𝑢 =
𝜋

√2
(

√𝜋

2
) 

∞

0
= √

𝜋3

8
.   

24. A First consider 𝐼𝑛 = ∫ 𝑥2𝑛𝑒−𝑥2
𝑑𝑥

∞

0
.  Note that 𝐼0 =

√𝜋

2
 based on the information from 

the previous question.  Then using integration by parts, 𝐼𝑛 = ∫ 𝑥2𝑛𝑒−𝑥2
𝑑𝑥

∞

0
=

[
1

2𝑛+1
𝑥2𝑛+1𝑒−𝑥2

]
0

→∞

− ∫
1

2𝑛+1
𝑥2𝑛+1(−2𝑥)𝑒−𝑥2

𝑑𝑥
∞

0
=

2

2𝑛+1
∫ 𝑥2𝑛+2𝑒−𝑥2

𝑑𝑥
∞

0
=

2

2𝑛+1
𝐼𝑛+1 → 𝐼𝑛 =

2𝑛−1

2
𝐼𝑛−1 → 𝐼𝑛 =

2𝑛(2𝑛−1)

4𝑛
𝐼𝑛−1 =

2𝑛(2𝑛−1)(2𝑛−2)(2𝑛−3)

42𝑛(𝑛−1)
𝐼𝑛−2 =

⋯ =
(2𝑛)!

4𝑛𝑛!
𝐼0 =

(2𝑛)!

4𝑛𝑛!

√𝜋

2
.  Thus:  ∫ 𝑒−𝑥2

cos(√2𝑥) 𝑑𝑥
∞

0
=

∫ 𝑒−𝑥2
∑

(−1)𝑛(√2𝑥)
2𝑛

(2𝑛)!
∞
𝑛=0 𝑑𝑥

∞

0
= ∑

(−1)𝑛(√2)
2𝑛

(2𝑛)!
∫ 𝑥2𝑛𝑒−𝑥2

𝑑𝑥
∞

0
∞
𝑛=0 = ∑

(−1)𝑛2𝑛

(2𝑛)!
𝐼𝑛

∞
𝑛=0 =

∑
(−1)𝑛2𝑛

(2𝑛)!

(2𝑛)!

4𝑛𝑛!

√𝜋

2
∞
𝑛=0 =

√𝜋

2
∑

(−
1

2
)

𝑛

𝑛!
∞
𝑛=0 = √

𝜋

4𝑒
.   

25. C If 𝐻𝑛 is the event that the first 𝑛 flips are heads, then we want 𝑃(𝐻25|𝐻24) =
𝑃(𝐻25∩𝐻24)

𝑃(𝐻24)
=

𝑃(𝐻25)

𝑃(𝐻24)
.  In general, 𝑃(𝐻𝑛) = ∑ 𝑃(𝐻𝑛|𝐶𝑜𝑖𝑛 𝑖)𝑃(𝐶𝑜𝑖𝑛 𝑖)2023

𝑖=0 =

∑ (
𝑖

2023
)

𝑛

(
1

2024
)2023

𝑖=0 ≈ lim
𝑁→∞

∑ (
𝑖

𝑁
)

𝑛

(
1

𝑁
)𝑁

𝑖=0 = ∫ 𝑥𝑛𝑑𝑥
1

0
=

1

𝑛+1
.  So 

𝑃(𝐻25)

𝑃(𝐻24)
≈

1

26
1

25

=
25

26
.   

26. D 𝑓(𝑥) = ∑ 𝑎𝑛𝑥𝑛∞
𝑛=0 = 2 + 3𝑥 + ∑ 𝑎𝑛𝑥𝑛∞

𝑛=2 = 2 + 3𝑥 + ∑ 𝑎𝑛+2𝑥𝑛+2∞
𝑛=0 = 2 +

3𝑥 + ∑ (𝑎𝑛+1 − 𝑎𝑛)𝑥𝑛+2∞
𝑛=0 = 2 + 3𝑥 + ∑ 𝑎𝑛+1𝑥𝑛+2∞

𝑛=0 − ∑ 𝑎𝑛𝑥𝑛+2∞
𝑛=0 = 2 +

3𝑥 + 𝑥 ∑ 𝑎𝑛+1𝑥𝑛+1∞
𝑛=0 − 𝑥2 ∑ 𝑎𝑛𝑥𝑛∞

𝑛=0 = 2 + 3𝑥 + 𝑥(𝑓(𝑥) − 2) − 𝑥2𝑓(𝑥) = 2 +

𝑥 + 𝑓(𝑥)(𝑥 − 𝑥2) → 𝑓(𝑥)(1 − 𝑥 + 𝑥2) = 2 + 𝑥 → 𝑓(𝑥) =
2+𝑥

1−𝑥+𝑥2  

27. C lim
𝑥→∞

𝑥 ln|𝑥−4|

|𝑥| ln|𝑥2−16|
= lim

𝑥→∞

ln|𝑥−4|

ln|𝑥−4|+ln|𝑥+4|
=

1

2
 and lim

𝑥→−∞

𝑥 ln|𝑥−4|

|𝑥| ln|𝑥2−16|
=

lim
𝑥→−∞

−
ln|𝑥−4|

ln|𝑥−4|+ln|𝑥+4|
= −

1

2
, so there are two horizontal asymptotes.  Note that 

lim
𝑥→0±

𝑥 ln|𝑥−4|

|𝑥| ln|𝑥2−16|
= lim

𝑥→0±
±

ln|𝑥−4|

ln|𝑥2−16|
= ±

1

2
  so this is not a vertical asymptote, and 

lim
𝑥→±4

𝑥 ln|𝑥−4|

|𝑥| ln|𝑥2−16|
= lim

𝑥→±4
±

ln|𝑥−4|

ln|𝑥2−16|
= lim

𝑥→±4
±

1

𝑥−4
1

𝑥−4
+

1

𝑥+4

→ lim
𝑥→4

1

1+
𝑥−4

𝑥+4

=

1 & lim
𝑥→−4

−
𝑥+4

𝑥−4
𝑥+4

𝑥−4
+1

= 0 so these are not vertical asymptotes.  However, there will be 

vertical asymptotes when ln|𝑥2 − 16| = 0 → 𝑥2 − 16 = ±1 → 𝑥 = ±√15, ±√17.  

So, the total is 6, 

28. B From Taylor’s Theorem, 𝑥 −
𝑥3

6
≤ sin(𝑥) ≤ 𝑥 →

𝑘

𝑛2 −
𝑘3

6𝑛6 ≤ sin (
𝑘

𝑛2) ≤
𝑘

𝑛2 →

∑ (
𝑘

𝑛2
−

𝑘3

6𝑛6
)𝑛

𝑘=1 ≤ ∑ sin (
𝑘

𝑛2
)𝑛

𝑘=1 ≤ ∑
𝑘

𝑛2
𝑛
𝑘=1 →

𝑛(𝑛+1)

2𝑛2
−

𝑛2(𝑛+1)2

24𝑛6
≤ ∑ sin (

𝑘

𝑛2
)𝑛

𝑘=1 ≤
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𝑛(𝑛+1)

2𝑛2 .  Since the lower and upper bounds both limit to ½, by the Squeeze Theorem 

so does the desired limit.  sin(𝜃) =
1

2
→ 𝜃 =

𝜋

6
.   

29. D 
∫

1

𝑥𝑎(1−𝑥)𝑏

1
1

2

𝑑𝑥 = ∫
1

𝑥𝑎+𝑏

𝑥𝑏

(1−𝑥)𝑏
𝑑𝑥

1
1

2

= ∫
1

𝑥2
(

𝑥

1−𝑥
)

𝑏

𝑑𝑥
1

1

2

.  Let 𝑢 =
𝑥

1−𝑥
→ 𝑥 =

𝑢

𝑢+1
=

1 −
1

𝑢+1
→ 𝑑𝑥 =

1

(𝑢+1)2 𝑑𝑢.  Then ∫
1

𝑥2 (
𝑥

1−𝑥
)

𝑏

𝑑𝑥
1

1

2

= ∫ (
𝑢+1

𝑢
)

2
(𝑢)𝑏 1

(𝑢+1)2 𝑑𝑢
∞

1
=

∫
1

𝑢2−𝑏
𝑑𝑢

∞

1
= ∫

1

𝑢𝑎
𝑑𝑢

∞

1
= [

𝑢1−𝑎

1−𝑎
]

𝑢=1

𝑢→∞

.  Since 𝑎 > 𝑏 → 2𝑎 > 𝑎 + 𝑏 = 2 → 𝑎 > 1, 

[
𝑢1−𝑎

1−𝑎
]

𝑢=1

𝑢→∞

= 0 −
1

1−𝑎
=

1

𝑎−1
.   

30. C 
lim

𝑥→−∞
(1 +

20

|𝑥|
)

−24𝑥

= lim
𝑥→∞

(1 +
20

𝑥
)

24𝑥

= 𝑒(20)(24) = 𝑒480.   

 

 

 

 

 

 

 

 


