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1. |Al1—-pQ@ll3nopants) =1—

2. | B | A property of an ellipse is that the sum of the distance from the foci is a constant.

If (x, 0) is the x —intercept,
8 =+x2+25+ (x—3)
11 —x =+/x?+25

x%2 —22x + 121 =x*>+ 25

48
S x =—

T
48 + 11 = 59

3. | A|Since cos?(x) =1 — sin?(x)

A

f4 cos (x)(sin3(x) — sin®(x)) dx
0

Setting u = sin(x),

Aox oot =t~ (x=g) x5t -~ (x4 )

Thus, the limit is approximately (x — %) — (x + g) = -2

5. | D | Subtracting the two limits gives

sin(x?) — sin?(x)
m

x—0 x4

3
Using the Taylor series approximation of sin(x) ~ x — %

x6

Ca2Y a2
sin(x?) ~x ¢
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im -2 — =
}cl—r}(I) x4 3
6. If a,a, ... a, is an decreasing integer, a,a,_; ... a; has to be a increasing integer
except for when a,, = 0
There are a total 2° subsets of the set {1,2,3,4,5,6,7,8,9} and each subset corresponds
to a decreasing number ending with 0. For example the subset {1,3,5,7} — 75310.
However, the empty subset does not create a number, thus
512 -1 =511
7. x ‘1
x+1 o x+1
1 1 x3  x?
z 1-— =——-— —1 1
fox x+ T11i-3 2+x n(x+1)
_1 1+1 1 (2)—5 In (2
32 n2)=g-n@
8. ing i 2 _ _r
Pluggingin25to x“ —x + 1 —
1
f(x) =625-25+1—-——~601
26
9. f(3)
X1=3—"=<=3
' f'®3)
f3)
X, =3 — =3
’ f3
10. The polar equation has eccentricity 1, thus a parabola
11. y = rsin(8) = sin(8) — sin?(0)

The maximum is at the vertex, i

The minimum is clearly at 6 = 37” -2
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Difference = %

12. x =71 cos(8) = cos(8) — sin(8) cos(6) = cos(8) — %sin(ZH).
Taking the derivative gives — sin(8) — cos(26) = —sin(8) — 1 + 2sin?(8)
which is 0 at sin(6) = — -, 1
Plugging in these values, the minimum is —%5, maximum is %5
13. Due to symmetry the area common will be 4 times the area of 1 — sin(8) from 0 to
s
E.
z 3
2 s s s
j‘ﬂ—sme2=1—2mmﬁ}+mﬁw)=——2+—=———2
o 2 4 4
(Sn 2) A 1 3m A
—_— ¥4 — = — —
4 2 2
14. Let the roots be a, b, ab.
From vietas,
a+b+ab=5

ab+ab(a+b) =6
Leta+b=s,ab=p
s+p=5
p+sp=6->p+p(5—p)=6
p>+6p+6=0
p=—3¢\/§

Since k = a?b? = p?

Sum =24
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15. Let AB = 3,BC = 4,AC = 5. Let M be the midpoint of AB.
The diameter of the larger circle is g +2= g
The diameter of the smaller circle is g —-2= %
81-1_
16
16. Since p; + piz1 + Piv2 = 0 (mod 3)
Either one of the three has to be a multiple of 3 or p; = p;+1 = pi+2 (mod 3)
Since there is only multiple of 3 that is prime (3,5,7) is a triplet and for the second
case, we only have to check (a,a + 6,a + 12) since all primes are odd other than 2.
Checking this case, there is only 1 triplet (47,53, 59).
17. The ratio of the probability that Timmy wins to the probability that Edward wins is
proportional to their chances,
5 4 5.4
1010
Thus, > =2
5+4 9
18. Expected number = %since this is a geometric distribution, % = 1970
10
19. fX)+gx)=x*+4x+ ¢,

fxX)g(x) = 2x3 + 2x% + 4x + ¢,

Plugging inx = 0,

Also since the product is degree 3 and sum is degree 2, either f is a quadratic and g
is linear or vice versa.

Casel. f(x) =x?>+ax+4,g(x) =2x — 2
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If this is true, a = 2. Since (x? + 2x + 4)(2x — 2) = (2x3 + 2x? + 4x — 8), this
case works.

Case 2. f(x) =2x +4,9(x) =x*+ ax — 2

If this is true a = 2, Since (x% + 2x — 2)(2x + 4) # 2x3 + 2x? + 4x — 8, this case
does not work.

f(1) =7,9(-1) = -4

-3
20. L
j V4 —x?
0
Letting x = 2 sin(u)
c T V3
f 4 cos?(u) = 2 + 2 cos(2u) = 2u + sin(2u) = 3 + -
0
21. Using the shell method
14 1 1
%zf (2—x)vV4—x? =2A—f x4 —x?
0 0
The second integral is a simple u-sub with u = x?
1! 1 8 3V3 8
—| Va-u=z(2-V3)=c——==--+/3
ZJO u=3(2-V3)=3-—7-=3-¥3
22. Since 2047 = 21 — 1 has 11 digits, we just have to choose 3 of the 11 digits
11C3 =165
23. Similarly to base 10, the sum of digits modulo 7 is conserved in base 8.
8"a, + 8" ta, ; +-8a;+ay=a,+a,_1+ - +a, +a,(mod?7)
2024 4+ 19 = 6 (mod 7)
Out of the answer choices 1168 is the only number mod 7.
24.

1 2 1 1 3 1
ﬁ—ln(x)+f ln(x)=—Eln(2)+z+21n(2)—1ziln(Z)—E
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25.

C

Graphing |In (x)|, the smallest root must be between 0 and 1 and the other two must
be greater than that since it crosses through a linear graph 3 times.

Let the 3 roots be r, 2r, 3r.
—In(r)=ar+5»
In(2r) = 2ar + b
In(3r) =3ar+b

Subtracting the last 2 equations,

n() -
niz)=ar

Subtracting the first 2 equations

In(2r?) =ar =1In (%)

V3

Thus,r2=2—>r=7—>6r=3\/§

26.

Case 1: first digit is the max

If the first digit is n, there are n choose 2 ways to get the last 2 digits

Using hockey stick2C2+3C2..9C2=10C3 =120

Case 2: second digit is the max

If the second digit is n, there are (n — 1)n ways to choose the first and last digit
Note that this is just twice the first case = 240

Case 3: third digit is the max

If the last digit is n, there are n — 1 choose 2 ways to get the first 2 digits

Using hockey stick, the sumis 9 C 3 = 84

120 + 240 + 84 = 444

27.

To get to the form n2 /5™ we will take the derivative of the equation given

1
1+2 3x% .. =——
+ 2x + 3x (1—x)2
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Multiplying both sides by x,

XA 2024303 =
(1-x)?
Taking the derivative of both sides,
|+ 4z + 922 =
X X" .= (1 — X)3
Substituting x = %gets
4 9 75 . . . . .
1+ -+ —... = —=which is 5 times the equation given,
5 25 32
15+ 32 =47
28. | A | Using law of sines on triangle XAZ,
sin(@
[XAZ] = AX - AZ - 2( )
sin(@
[ABC] = AB - AC - 2( )
[XAZ] AX AZ _  k

[ABC]  AB AC  (k+ 1)?
Using this on triangle YBZ, ZCX

3k 1
(k+1)2 4

>k?-10k+1=0->k=5++24

29. | B | Substitutingx =0,y =0,f(0) =0
Also, using the definition of derivatives,

i LR~ f) _ f(h) —xh
h-0 h h

=—x+c

x2
Thus, f(x) = -5 tex

Sincef'(1))=1,-1+c=1->c=2
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x? 3
f=-+2x->f) =5

30.

Substituting ifor X
(1) F2f() =243
flz)t2f() =7
Solving this system of equation for f(x),

f(x)+2<%+3—2f(x)>=x+3

3()_2_{_3 _—x2+3x+2
flx Cx = x
The roots are at
3+v17
> - 22




